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An approximate formula is derived for the distribution of relative translational energy of products from
decay of collision complexes formed by bimolecular combination in molecular beams. The treatment
applies to the case of large collisional angular momentum (often encountered in practice), for which cen-
trifugal motion strongly affects the shape of the energy distribution.
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For a reaction which proceeds via a persistent collision complex
with mean lifetime long compared to its rotational and vibrational
periods, transition-state theory suggests that the distributions in
angle and translational energy of the decomposition products are
determined primarily by the statistical densities of rotational and
vibrational states at the critical conﬁguration. A transition-state
theory for the product angular distribution has been adapted from
the compound nucleus model of nuclear ﬁssion [1,2]. It provides
’’form factors’’ applicable to a variety of cases, including the ‘‘oscu-
lating’’ domain in which the lifetime of the complex becomes com-
parable to its rotational period [3]. This paper outlines a kindred
treatment of the product translational energy distribution, derived
from the RRKM theory of unimolecular reactions [4].
The result has a simple general form,
P E0t
  ¼ NyVT E0  E0t A E0t : ð1Þ
The energy parameters are deﬁned in Fig. 1. NyVT E
0  E0t
 
is the en-
ergy level density of ‘‘active’’ vibrations and rotations [4] at the crit-
ical conﬁguration of the complex. The factor A E0t
 
takes account of
the centrifugal energy associated with separation of the products,
and thereby depends on the angular momentum of the complex
and the form of the radial potential energy in the product channel.
The derivation given here is restricted in scope, since it assumes
that the angular momentum of the complex comes mainly from
relative motion of the reactants and goes largely into relative mo-
tion of the products. Reactions for which this is a suitable approx-imation are readily identiﬁed [1]. These display product angular
distributions with pronounced peaks at 0 and 180 (in the center
of mass system). This holds for most of the persistent complex sys-
tems thus far studied in crossed beams and our formula for P E0t
 
has been found to give good agreement with experiments for sev-
eral families of reactions [5,6]. Of particular interest is a recent
study by Lee et al. [7] dealing with shorter-lived complexes in
which energy equilibration is incomplete. They ﬁnd Eq. (1) a useful
approximation even in that domain, provided the number of active
modes is decreased appropriately.2. Derivation
As indicated in Fig. 1, the ﬁnal relative kinetic energy of the
decomposition products is assumed to be given by E0t ¼ y þ B0,
the sum of the translational energy in the reaction coordinate at
the critical conﬁguration and any potential energy (radial V y and
centrifugal yf ) released in going from the critical point to the prod-
ucts. Thus the probability ﬂux distribution for the product transla-
tional energy is obtained by compounding the component
distributions,
P E0t
  ¼ Z E0t
0
PðyÞPðB0ÞdB0: ð2Þ
The probability of particles emerging from the critical conﬁgu-
ration with energy y in the reaction coordinate is given by
PðyÞ ¼ kaðyÞ
X
a
Z E0B0
0
kaðyÞdy
,
; ð3Þ
where ka is the rate constant for decomposition of the complex and
the sum extends over all possible decay channels (including those
which reform the reactants). According to the RRKM theory,
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Fig. 1. Schematic reaction path and notation for energy quantities. Lower curve
refers to potential energy, upper curve to sum of potential and centrifugal energy.
Total energy of the complex is ﬁxed, E0 þ V Zero-point energies are not shown.
10 S.A. Safron et al. / Chemical Physics Letters 589 (2013) 9–11kaðyÞ ¼ f ðyÞNyðyÞNyVTðE0  B0  yÞ=N v
  ð4Þ
with f ðyÞ the frequency of crossing the critical region, NyðyÞ the
density of translational states there, and NyVTðE0 þ V y  yj  yÞ the
density associated with all other active internal modes of the tran-
sition state. The energy distributed among these modes is less than
the total available energy, E0 þ V y, by the amount tied up in centrif-
ugal energy and in the reaction coordinate translation at the critical
conﬁguration. N v
 
is the density of active modes (including the
reaction coordinate) at the most stable conﬁguration of the com-
plex, with the distributable energy again reduced by the energy tied
up in centrifugal motion. However, the N factor cancels from Eq.
(3). Also, numerical calculations demonstrate that the sum in the
denominator of (3) otherwise depends only weakly on the centrifu-
gal energy over a wide range of conditions. Thus we neglect this
dependence, and since f ðyÞNyðyÞ is constant [4] and E0t ¼ y þ B0,
Eq. (2) yields (1) with
A E0t
  ¼ Z E0t
0
PðB0ÞdB0: ð5Þ
Whenever the ﬁnal translational energy E0t exceeds the maximum
value of B0 in the exit channel, AðE0tÞ ¼ 1; otherwise AðE0tÞ < 1.
The PðB0Þ distribution can be readily evaluated for any model in
which the separation of the products beyond the critical point is
considered to be governed by a two-body central force and the
angular momentum that appears in relative orbital motion of the
products is speciﬁed.
For simplicity, we illustrate the calculation for reactions in
which the rotational momenta of the individual reactant and prod-
uct molecules are considerably smaller than the collisional angular
momenta; i.e., J>L and J 0>L0. The angular momentum of the com-
plex, J, and the orbital momenta of the reactants and products are
then approximately the same,
L  J  L0: ð6Þ
The probability of forming a complex is taken to be proportional to
the impact parameter ’’target area’’, as usual [1,8]. Thus
PðLÞ ¼ 2L=L2m for L < Lm;
¼ 0 for L > Lm;
ð7Þ
where Lm denotes the maximum angular momentum with which
the complex can be formed. It is a function of the initial collisionenergy of the reactants, Et. Since we now have
PðB0ÞdB0 ¼ PðL0ÞdL0  PðLÞdL, the integration in (5) gives
A E0t
   ðL0m=LmÞ2 for L0m < Lm;
 1 for L0m P Lm;
ð8Þ
where L0m is the maximum angular momentum with which the
complex can decompose when the ﬁnal translational energy of
the products is E0t.
Again for simplicity, we specialize further to reactions without
activation energy and deﬁne the complex by the centrifugal barri-
ers associated with long-range attraction of the form C=rn, in the
customary way [8]. For neutral species, n ¼ 6; for ion–molecule
reactions, n ¼ 4. Then,
L2m ¼ ð2lEtÞ
n
n 2
 ðn2Þ=n nC
2Et
 2=n
; ð9Þ
where l is the reduced mass of the reactants. The same formula
gives L0m for the product channel, with primes added to l;C; Et
(and to n, if necessary). Therefore, in this case
A E0t
   E0t=B0m ðn2Þ=n for E0t < B0m;
 1 for E0t > B0m;
ð10Þ
where
B0m ¼ ðl=l0Þn=ðn2ÞðC=C 0Þ
2=ðn2Þ
Et ð11Þ
is the maximum exit centrifugal barrier.
The level density function, NyVT in (1), may be evaluated by
means of accurate and convenient ‘‘quantum semi-empirical’’
approximations [9]. In the classical limit
NyVT E
0  E0t
   E0  E0t sþr=22: ð12Þ
Here s and r denote the number of active vibrations and rotations of
the complex, respectively. As in other applications of RRKM theory,
the enumeration of modes depends somewhat on whether a ‘‘tight’’
or ‘‘loose’’ transition-state is assumed [4]. For example, for a tri-
atomic complex: s ¼ 3; r ¼ 1 if ‘‘tight’’ and nonlinear; s ¼ 2; r ¼ 2
if ‘‘loose’’. In any case, two of the overall rotations are not active
since they correspond to specifying the magnitude and projection
of the L0-vector.
The formal equivalence of RRKM theory [4] for, a ‘‘loose’’ com-
plex and phase space theory [8] has been shown [10,11] and our
results (1) and (8) can also be derived with equivalent assumptions
from phase space theory.
3. Discussion
The A E0t
 
factor is unity when E0t exceeds the maximum possible
exit centrifugal barrier, B0m. In that region, according to (1), the
shape of the product translational energy distribution is deter-
mined solely by a statistical factor. Hence, as E0t increases above
B0m, the P E
0
t
 
distribution declines monotonically at a rate which
depends on the number of degrees of freedom of the complex
and the distributable energy, E0  E0t . However, the A E0t
 
factor
drops rapidly to zero as E0t decreases below B
0
m. In that region, only
a fraction of the complexes formed can dissociate to products,
namely the fraction with L0 sufﬁciently below Lm to lower the exit
centrifugal barrier below E0t. Thus, for E
0
t < B
0
m the shape of P E
0
t
 
is
strongly inﬂuenced by this centrifugal prohibition as well as by the
statistical factor.
Fig. 2 illustrates the role of the centrifugal and statistical factors
for a range of values of B0m=E
0. Reactions having B0m parameters
comparable to or larger than the total available energy E0 are com-
mon. Many of the beam studies [5–7] have dealt with such reac-
tions, which typically involve low exoergicity (E0 comparable to
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Fig. 2. Probability ﬂux distributions (unnormalized) for ﬁnal relative translational
energy of products versus fraction of available energy in translation, for a linear
triatomic complex ðs ¼ 4; r ¼ 0Þ. Dashed curve shows the statistical factor NyVT of
Eq. (1); solid curves show result of including the centrifugal factor, calculated from
Eq. (10) with n ¼ 6, for various values (shown by arrows) of the ratio of the
maximum exit centrifugal barrier to the available energy, B0m=E
0 .
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ably smaller than l). Since E0t < E
0, whenever E0 < B0m the centrifu-
gal prohibition extends over the whole spectrum of E0t; also, in
this case the shape of P E0t
 
is the same as if E0 ¼ B0m.
The dependence on the number of active vibrational modes, s,
enters strongly via the statistical factor. However, the inﬂuence
of s varies markedly with the value of B0m. For example, in the
classical approximation the position of the peak of P E0t
 
is given by
E0 1þ n
n 2 sþ
1
2
r  2
 	 

; ð13Þ
or by B0m, whichever is smaller.
The assumption that the denominator in (3) is independent of B0
is not always valid. In particular, for a system in which the only
channel for decay is the entrance channel, the denominator can be-
come quite small for B0 ! B0m. This results in a shift of the distribu-
tion to higher energies. A similar behavior can occur in systems for
which the asymptotic potentials and reduced masses of the
entrance and exit channels are nearly the same.
The approximation (6) pertains only to the exit centrifugal
barrier distribution, and does not imply that the products are rota-
tionally unexcited. A statistical share of the available energy ap-
pears in product rotation, as speciﬁed by the NyVT factor.
However, the corresponding product rotational angular momen-
tum J0 often remains substantially less than the maximum exit
orbital momentum L0m, and then (6) is appropriate. In particular,
this usually holds when the complex has a strongly prolate shape
in its critical conﬁguration, the typical situation for ‘‘loose’’ com-
plexes in which the product fragments are fairly well separatedat the transition state. Reactions for which L0  L is or is not a
suitable, approximation can be identiﬁed from the shape of the
product angular distribution [1], as noted above, and when neces-
sary the statistical partitioning of angular momentum between L0
and J 0 can be included as in the phase space theory [8,12]. If the
angular distribution is isotropic or shows only weak forward–back-
ward peaking, (6) is not applicable.
The rn potential assumed in (9), which is rarely accurate ex-
cept in the thermal collision energy range, is a less fundamental
limitation. The calculation of Lm, and L
0
m can be carried out readily
for any central-force potential. Since the shape of P E0t
 
depends
only weakly on the total angular momentum, accurate knowledge
of the reactant channel interaction is not required. Furthermore, at
least for cases where s is not too small (sJ4, say), the average
translational energy of the products will often be much lower than
the initial collision energy. Thus, L0m E
0
t
 
can often be computed
from the asymptotic form of the exit channel potential, even for
reactions at collision energies too high for this to be valid for the
entrance channel.
It is interesting to note that the product translational energy
distribution is quite different for unimolecular decay under heat-
bath conditions. Then, (7) is replaced by the thermal distribution
of molecular rotation and the centrifugal energy therefore is usu-
ally much lower. A calculation which otherwise parallels the treat-
ment given here shows that, at least in some cases encountered in
practice, P E0t
 
is essentially given by (1) with A E0t
 
almost con-
stant, the result that one obtains if angular momentum is ignored
entirely [13].
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